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ABSTRACT 
We give explicitly all linear dependence relations for integer translates of a tiling 
in R associated with (Z, k) with a prime k 3 2. As a tool, we determine linear 
d ependence relations for k-refinable compactly supported distributions in terms of the 
mask sequence in the corresponding k-refinable refinement equations. 0 Ekeuier 
Science Inc., 1996 
1. INTRODUCTION AND MAIN RESULTS 
Given a compactly supported distribution 4, the shift-invariant space of 
distributions generated by 4 has attracted much attention recently because of 
its important connections to wavelet decomposition, finite element analysis, 
and approximation theory. The properties of stability, linear independence, 
and linear dependence relations play essential roles in these applications. The 
purpose of this paper is to consider linear dependence relations for integer 
translates of compactly supported refinable distributions. 
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Let 2 < k E N, and 4 be a compactly supported distribution in R. We 
say that 4 is k-refinable if it satisfies the following refinement equation: 
In case J(O) # 0 and the mask sequence {b(a>}a E z of (1.1) is finitely 
supported, 4 can be obtained by its Fourier transform as follows: 
where 6 is the symbol of b defined as 




b(1) = c b(a) = k. 
CXSZ 
(1.4) 
We know that 4 is an analytic function. 
Thus, for a given fitiely supported sequence b satisfying (1.4), it is 
natural to determine properties of the compactly supported refinable distri- 
bution C$ generated by (1.2) from properties of the mask sequence b. For 
properties of stability, linear independence, and orthogonality, this task was 
carried out for k = 2 by Jia and Wang [7] and was extended by the author 
[12] to exponentially decaying functions C/J and general k. In this paper, we 
investigate this task for linear dependence relations. 
The set of linear dependence relations for integer translates of a com- 
pactly supported distribution 4 is defined as 
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To characterize K(4), we need the following set: 
N(4) := (5E Cl0 <Re(<2m, &[+~T(Y) =OforallcuEZ}. 
(1.6) 
For l E N(4), 1 e ml be the maximal integer such that t 
J(j), 6 + 27rp> = 0 forall /3 E Z and j = O,...,m,- 1. 
The number ml is called the multiplicity of l. 
By means of the set (1.6), we can determine the linear dependence 
relations as follows. 
THEOREM 1. Let (b( cy>}a E z be a finitely supported sequence satisfying 
(1.4) and 
k-l 
c I6(e-i2+)Z)I > 0 
z=o 
(1.7) 
for any z E C \ {O). The compactly supported nonzero distribution 6 is 
defined by (1.2). Then 
O<n<k”-1, 
k-l 
,Fl I&( e-i27r(l/k)e-i27r(kJn/(k “-l))) 1 = 0 forallj E N U {0} 
A sequence f E K(4) “If and only q 
where each p5 is a polynomial of degree less than ml. 
Moreover, if 5, 77 E N(4) satisfy 77 = kc, then 
(1.9) 
m,<mi.. (1.10) 
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The proof of Theorem 1 can be obtained from discussions in [4, 7, 121, as 
shown in Section 2. Our purpose here is, however, its application for tilings, 
which is interesting. 
We say that a set T c R is a k-tiling if its characteristic function xr 
satisfies 
k-l 
XT = c XT(~ * - "j)' (1.11) 
j=O 
where {n,, nl,. . . , nk _ 1} is a collection of representatives of distinct cosets of 
Z/(kZ), say, nj =j (mod k) for 0 <j < k - 1. Such a set has an explicit 
expression (see [6]) 
T= (1.12) 
Tilings are closely related to multiresolution analysis, wavelet decomposition, 
and fractals; see [l, 6, II]. In fact, if the integer translates of xT are stable or 
linearly independent, xT can act as an orthonormal scaling function of a 
multiresolution analysis associated with (Z, k). In [12], the author showed that 
this is true if and only if (n, - n,, . . . , nk_ 1 - no> = 1. Here, for a set 
{m,, . . . , ml} of integers, we use (m,, . . . , m,) to denote its greatest common 
divisor (g.c.d.1. In what follows we denote s := (n, - no,. . . , nk-1 - no). 
The main result of this paper is the following characterization of linear 
dependence relations for tilings. 
THEOREM 2. L.et 2 Q k EN, kprime; let{no,...,nk_,) beacollection 
of representatives of distinct cosets of Z/(kZ), i.e., nj = j (mod k) for 
0 <j < k - 1; and let T be the set defined by (1.12). Then we have 
dim~(~T)~(nl~nO,...,nk_l~no)~~. (1.13) 
Moreover, f E K( XT) $and only if 
s-1 
f( (y) = C cqei2n(g/s)u, Ly E z, 
q=l 
(1.14) 
where cg are constants. 
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To prove Theorem 2, we shall use some results from the theory of 
algebraic number fields and number theory. We give the detailed proof in 
Section 3. 
2. LINEAR DEPENDENCE RELATIONS FOR 
REFINABLE DISTRIBUTIONS 
In this section we prove Theorem 1. Let us first recall some preliminary 
results which have been proved in [7, I21 or can be easily obtained in the 
same way. 
LEMMA 2.1. Under the assumptions of Theorem 1, let 5 E NC+). Then 
there exists some m E N such that 
e -i[k” = e-ii # 1. 
Hence t E R, and for somej > 0, k Jr n, 0 < k-in < k” - 1, 
t= km-l’ (2.1) 
Moreover, for all d > 0, 1 = 1,. . . , k - 1, 
h( ,-i2n(l/k),-’ r2n(kdn/(km-I))) = 0. (2.2) 
LEMMA 2.2. W&r the assumptions of Theorem 1, let n, m E N, 0 < 
n<k”-l.Zf 
&( ,-i2?r(l/k),-’ t2r(kdn/(k”-1)) 
> 
= 0 
for all d > 0, 1 = 1,. . . , k - 1, then for all CY E Z, 
J( & + 24 = 0. (2.3) 
We are now in a position to prove Theorem 1. 
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Proof of Theorem 1. The equation (1.8) follows directly from Lemmas 
2.1 and 2.2. The characterization (1.9) is easily derived from Theorem 2.1 in 
[4] and the definition of multiplicity. We only need to verify (1.10). To this 
end, it is sufficient to prove the following statement: If 2rkjn/(k” - 
I), irrkj+ ‘n/(k” - 
P E z, 
I) k TV(+) with k C n:j > 0, and for some A4 E N, 
then 




k” - 1 
+2rkp # 0. 
To show this statement, we note that 
By Lemma 2.1, for p B 0, 
k-l 
lFl IW 
z2~(l/k)e-i2a(kPn/(km-1)))I = 0. 
Hence from (1.7), 
6( e-iz~(kPn/(k”-l))) + 0. 
Therefore, we have for some constant c # 0, 
&W 
27rkj+‘n 
k” _ 1 + 2rrkfl 
# 0. 
Thus, our statement is true. 







WAVELETS AND TILINGS 317 
3. LINEAR DEPENDENCE RELATIONS FOR TILINGS 
In this section, we prove our main result, Theorem 2. 
We state first that (1.7) is always satisfied for the symbol of the mask 
sequence of the refinement equation (1.11): 
k-l 
b(z) = c Z"lf. 
j=O 
(3.1) 
LEMMA 3.1. Let 2 < k E N. For the sequence b given by (3.1) and any 
z E c \ (01, 
k-l 
C lh(e-i2?r(‘/k)z)I > 0. 
l=O 
(3.2) 
Proof. Let w0 = e -i(2*/k). Note that nj =j (mod k) for 0 <.j < k - 
1. We have 
I 
&( e-i2r(0/k)Z) \ I 
= 
I \ 
since the determinant of the coefficient matrix is a Vandermonde determi- 
1 1 ... 1 
1 W,) -0. k-l WO 
1 &-l . . . 
0 
nant and is therefore not equal to zero. Hence (3.2) holds. 
The proof of Lemma 3.1 is complete. 
We determine the set N(4) as follows. 
LEMMA 3.2. Let 2, < k E N. For the sequence b given by (3. 
defined by (1.2) with 4(O) # 0, we have 
N(4) = {T(l qq <s). 
.) and 4 
(3.3) 
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Proof of Lemma 3.2. For n, m E N, 0 < n < k” - 1, we know from 
(1.8) by Lemma 3.1 that 2mn/(k”’ - 1) E N(4) if and only if for any d > 0, 
k-l 
C lg( e-iZrr(Z/k)e-i!2r(kdn/(km- l)))I = 0. 
I=1 
(3.4) 




= C e-’ rZm(lj/k)e-i2?r(nn,kd/(km-1)) 
j=o 
k-l 
=e -i21r(nn,kd/(k”-1)) C e-’ t2?r(Zj/k)e-i2m(n(nl_no)kd/(km-1)) 
j=O 
Hence (3.4) is equivalent to 
A 
1 
n(nl - n,)kd 
exp -i277 k” - 1 
n(nk_1 - no)kd 
exp -i27r k” - 1 
= 0. (3.5) 
Here A is the (k - 1) X k matrix given by 
( A)l,j = e- i2dyj- 1)/k) = ,I(j- 1) 0 1 l<Z<k-1, l<jgk. 
Obviously, A has rank k - 1. Therefore, (3.5) holds if and only if 
exp --i27r 
n(nj - no)kd 
k” _ 1 = 1, l,<j<k-1, 
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which is equivalent to 
n(nj - n,)kd 
km-1 EZ, l<j<k-1. 
Since for any d > 0 we have (k d, k m - 1) = 1, the above statement is also 
equivalent to 
ns 
km _ 1 E ” (3.6) 
Now we prove (3.3). Suppose that 2rn/(k”’ - 1) E N(4). By the above 
discussion we know that 
where q E Z. Since 1 < n < k” - 1, we have 1 < q < s. Hence 2rn/(k” 
- 1) belongs to the set in the right side of (3.3). 
For the other direction, suppose that 1 < q < s. We show that 2r(q/s) 
E N(4). To this end, we use Euler’s theorem from number theory (e.g., see 
[lo]), which states that if a, b E N are relatively prime, then uPCb) E 1 (mod 
b), where p(b) is the so-called Euler function, i.e., 
cp(b)=thenumberofintegerspsatisfyingl<p<b, (p,b)=l. 
By this theorem, since (n, - no, k) = 1, we know that (s, k) = 1 and for 
m = p(s) 2 1, 
k” = 1 (mod s), 
say, k” - 1 = nls with some n1 E N. 
Set n = n,q E N. Then 
9 n1q n -...= =- 
S k" - 1 k” - 1’ 
which implies by (3.6) that 2+rr(q/s) = 2r(n/(k” - 1)) E N(4). 
The proof of Lemma 3.2 is complete. 
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From Lemma 3.2, we can clearly see the following necessary and suffi- 
cient condition for the integer translates of xr to be orthonormal. 
THEOREM 3 [121. Let 2 < k E N; let (no,. . . , nk_ 1} be a collection of 
representatives of distinct cosets of Z/(kZ), i.e., nj =j (mod k) for 0 Q 
j < k - 1; and let T be the set defined by (1.12). Then xT is an orthonormal 
scaling function of a multiresolution analysis associated with (Z, k) if and 
only if (n, - no,...,nk_r - noI = 1. 
The following lemma is from the theory of algebraic number fields (e.g., 
see [2, p. 3691). 
LEMMA 3.3. If an element u has degree n over afield F, then one has 
C;:Japj = 0 for coefficients aj in F if and only if a, = a, = ..* = a, _ 1 = 0. 
With all the above preparations, we can now prove our main result. 
Proof of Theorem 2. We state first that for any 27r(n/(k”’ - 1)) E N(4) 
with k + n, there exists some (Y E Z such that 
(3.7) 
To prove this statement, we note that 
n k2”’ 1 - (k” - l)(k” + l)] 
k(k” - 1) 
n(k” + 1) k2m-ln 
= i2rr 
k -i2mk, _ 1 
since (k” + 1, k) = 1 and k t n, which implies et2r(“(km+l)/k) = 2-i24l/k) 
for some 1 d 1 < k - 1. By Lemma 3.2, n/(k” - 1) = q/s with 0 < 4 < S. 
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The assumption k _t n implies that k -+ q, since (s, k) = 1. Therefore, by 
Lemma 3.2 again, 
n 
2Tk(k”’ - 1) 
= 297; $5 N( 4). 




4 2.rrk(km _ 1) + 27Ta + 0. 1 
Combining the above two observations with the refinement relation (2.41, we 
know that our statement (3.7) can be concluded from the fact that 
&‘( e- i2+/k(km-l))) _# 0. (3.8) 
Therefore, we need only to prove that 
Suppose to the contrary that (3.9) does not hold. Then 
-i27T k(k”:l_ 1) +i - no)) 
= ‘clnjexp( -’ 
j=O 
z27rz( nj - no) = 0. 1 
For1 <j<k-l,wew&e 
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where cj~z and O<dj<k-1. Since k is prime, k + 4, ad nj'j 
(mod k),wehave1gdjgk-1.Infact,{d,,...,dk-1}={l,...,k-l), 
since otherwise, for some 1 < 1 z j Q k - 1, d, = dj implies 
klq[(nj - no> - (711 - no>] 
and, from (k, q) = 1, we obtain 
nj - no = nl -no (mod k), 
which is a contradiction. Therefore, from (3.10), we have 
k-l 




jFl (nj - no)e-i2r(dj-1)/k = 0. (3.12) 
By Eisenstein’s irreducibility criterion, we know that (see [2, pp. 77-781) 
for prime k, the polynomial C~~~xj is irreducible over the field Q of rational 
numbers. Hence e-i2r(1/k) ha s d egree k - 1 over Q. Therefore, by Lemma 
3.3 and the fact that {d, - 1,. . . , dk_l - 1) = (0, 1,. . . , k - 2), we know 
that (3.12) implies ni - n, = *.. = nk_i - no = 0, which is a contradic- 
tion. 
Thus, we have shown that (3.9) hold s, and hence our statement (3.7) is 
true. 
Combining this statement with Lemma 3.2, we know that for any 5 = 
2nq/s E NC+), with k $- q, we have mg = 1. This implies by Theorem 1 
and Lemma 3.2 that for any 5 E N(4), we have mc = 1; hence (1.13) and 
(1.14) hold. 
The proof of Theorem 2 is complete. W 
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